Abstract. We review a special technique for evaluating challenging integrals by providing a number of examples. Many of our examples prove integrals from the popular table of Gradshteyn and Ryzhik.
Introduction and three examples
There are various methods for evaluating integrals: substitution, integration by parts, partial fractions, using the residue theorem, or Cauchy's integral formula, etc. A beautiful special technique is the differentiation with respect to a parameter inside the integral. We review this technique here by providing numerous examples, many of which prove entries from the popular handbook of Gradshteyn and Ryzhik [6] . In our examples we focus on the formal manipulation.
Several theorems justifying the legitimacy of the work are listed at the end of the paper.
Applying the theorems in every particular case is left to the reader.
We hope integral lovers will appreciate this review and many will use it as a helpful reference.
The examples and techniques are accessible to advanced calculus students and can be applied in various projects. Many more integrals from [6] can be proved by using the same approach.
We also want to mention that for many of the presented examples, solving the integral by differentiation with respect to a parameter is possibly the best solution.
Our main reference is the excellent book of Fikhtengolts [5] which is the source of several examples. Some integrals solved by this technique can be found in [1] and [2] . The method is presented in various publications, for instance, [4] , [7] , [9] , [10] , [12] , and [13] .
Below we evaluate three very different integrals in order to demonstrate the wide scope of the method. In section 2 we present a collection of eighteen more or less typical cases. In section 3
we show how differential equations can be involved very effectively. In section 4 we demonstrate a more sophisticated technique, where the parameter appears also in the integral limits.
Example 1.1
We start with a very simple example. It is easy to show that the popular integral .
That is,
As we shall see later, many integrals containing logarithms and inverse trigonometric functions can be evaluated by this method.
It is good to notice that integrating (1.9) by parts we find by using Frullani's formula for the last equality (see below).
We conclude that ( ) F λ is a linear function and since (0) 0
Frullani's formula says that for appropriate functions ( ) f x we have
General examples Example 2.1
We start this section with a simple and popular example Consider the integral 
Example 2.2
We evaluate here the improper integral (2.6) This integral is entry 4.531 (12) in [6] . Note that the similar integral is evaluated by the same method in [3] . In that article one can find also the evaluation 
Example 2.4
We shall evaluate here two more integrals with arctangents. The first one is 4.535(7) from [6] ,
and hence (dropping the restriction
and for 1 λ = (2.14)
Comparing this to (2.11) we conclude that for all
Example 2.5
Related to (2.12) is the following integral
λ µ > . Using the evaluation (2.13) we write
and integrating this logarithm by parts with respect to λ we find
Example 2.6
Consider the integral 3.943 from [6] To compute ( ) C β we set 0 λ = and this gives 
Integrating with respect to λ and evaluating the constant of integration with λ → ∞ we find
This is entry 3.947(1) in [6] .
Example 2.11
Using the previous example we can evaluate also entry 3.947(2) in [6] . 
and integrating by parts,
With simple algebra we find This answer is simpler than the one given in [6] . With 0 λ = we prove also 3.741(3) from [6] 
Example 2.15
In the same way we can prove that Assuming for the moment that 0 α ≠ and using partial fraction we write
Simple algebra shows that 
Example 2.16
Let | | 1 α < . Now we prove the interesting integral, entry 4.397 (3) in [6] (2.32)
Assuming that the value of the integrand at / 2 θ π = is α , the integrand becomes a continuous function on [0, ] π . Then 
Example 2.18
The last example in this section is a very interesting integral. It can be found, for example, in the book [12] on p. 143. 
Example 3.2
In this example we evaluate two interesting integrals (3.723, (2) and (3) 
Example 3.4
We shall evaluate Hecke's integral
by using a differential equation (cf. [7] ). Differentiation yields
and then the substitution / x t α = leads to the separable differential equation
Setting here 0 α = and using the fact that (0) (1/ 2)
Example 3.5
Consider the two integrals ( [5] , p.731)
We differentiate ( ) U α and set
In the same way we compute
We define now the complex function From here, comparing real and imaginary parts we conclude that This integral was evaluated in [4] independently of (4.2) by using the same method.
Example 4.2
We shall evaluate in explicit form the function To solve the integral we first write it in the form 
